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Abstract 
Liu, C., Z. Liu and S. McCormick, Multilevel adaptive methods for incompressible flow in grooved channels, 
Journal of Computational and Applied Mathematics 38 (1991) 283-295. 
Incompressible moderate-Reynolds-number flow in a periodically grooved channel is investigated by direct 
numerical simulation using the finite-volume method on a staggered grid. A second-order, fully-implicit 
time-marching scheme is used together with a multigrid full approximation scheme (FAS) to accelerate the 
convergence process. Convergence factors of about 0.15 for each V(2,2) cycle are observed. The computational 
results for steady flow show good agreement with that of Ghaddar et al. (1986). A local fine grid is placed about 
the cavity to achieve better accuracy, without the need for a global fine grid. Both FAC (see McCormick (1989)) 
and MLAT (see Brandt (1984)) adaptive techniques show optimal efficiency as solvers for the resulting 
composite grid problem. 
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1. Introduction 
In [5], we developed a fully-implicit, time-marching, finite-volume scheme on a multilevel 
staggered grid, which is highly accurate and efficient for planar channel flow. Here we extend 
our basic approach to the modeling of flows in more general geometry. Our aim here is to 
simulate effects of surface roughness on flow transition. 
Surface roughness is one of the major factors in flow transition. Investigation of flows over 
rough surfaces will aid in the understanding of the transition pr&ess and the control of flow 
transition [8]. As a first step here, we investigate the temporal approach to a steady flow through 
a periodic grooved channel and compare our results with those obtained by the spectral element 
method [3]. We leave the study of perturbation of the flow (i.e., adding possibly unstable modes 
to laminar flow) for further research. 
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An important tool in the simulation of flow-transition is an effective method for resolving 
boundary layers and other areas of activity. Multilevel adaptive methods like FAC are very 
effective for such local refinement, especially since they use far fewer grid points than uniform 
grid methods, while maintaining typical multigrid efficiency. One of the purposes of our work 
here is to test the accuracy and efficiency of multilevel adaptive methods for flow transition 
problems. Although we restrict ourselves to a single refinement grid covering a single groove, the 
general case of multiple refinement regions and multiple levels per region should exhibit similar 
behavior. 
2. Governing equations and boundary conditions 
The geometry to be considered here is the periodically grooved channel, which is shown in Fig. 
1, assumed infinite in extent in the streamwise x- and spanwise z-directions. In Fig. 1, the 
geometry of the periodically grooved channel is described by the groove depth a, the groove 
length 1, and the separation distance between grooves L, all nondimensionalized with respect to 
the channel half-width h. The flow is assumed fully developed in x, corresponding to an infinite 
number of grooves. 
The governing model is the two-dimensional, time-dependent, incompressible Navier-Stokes 
equations: 
0) 
(2) 
(3) 
where u and u are velocity components in the x- and y-directions, respectively, P is the pressure 
and Re is the Reynolds number based on the centerline velocity U of mean flow and channel 
half-width h: 
Re= uh 
v ’ 
where v is the viscous parameter. 
Fig. 1. Flow in a periodically grooved channel. Fig. 2. Computational domain. 
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Fig. 3. Staggered grid. Fig. 4. Finite-volume method for x-momentum equa- 
tion. 
Here we only take one period of grooved channels as our computational domain (see Fig. 2). 
For this case we use the following boundary conditions: 
u=O and u=O (on solid walls), 
u(x + L, Y, t> = u(x, y, t>, 4x + L, Y, t) = u(x, y, t), 
G+Jk Y, t) =p(x, y, t> -c(+k 
where c(t) may be determined by the imposed flow-rate condition 
(4 
(5) 
3. Finite-volume discretization 
Although the grids we use are nonuniform, we describe the uniform staggered grid case here 
for simplicity (see Fig. 3). The finite-volume method is applied to discretize equations (l)-(3) to 
maintain conservation. A second-order backward Euler finite difference is used in the time 
direction to construct a fully-implicit time-marching scheme. Although this time-marching 
scheme is not conservative, our interest here is in steady state only, and for conservation in space 
the finite-volume method is enough. 
We take the x-momentum equation 
(6) 
as an example to show how the finite-volume method works for interior points (Fig. 4). In Fig. 4, 
the shaded area represents the control volume about u;,~. We rewrite equation (6) as 
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and integrate (7) in this volume. Using the divergence theorem, we get 
(8) 
The term at boundaries of the volume may be evaluated by averaging or central differencing: 
u;+l= + ui”+i’ j 
( + u:,f’), 
u;+l = + u,“-1’ j 
( + u:.f’), 
.;+I = + uy;:, 
( ( + u:f’), 
n+l_ 1 
us -5 (u:,f’1+ u:;‘), 
,;+l = ; 
( 
u;;:, + gyllj+*), u:+l = +( up + U:_:tj), 
n+1 
ui+l,j 
- U;;’ n+l 
Ax” 
au 
i-1 
U;;’ - Ui”_i: j (9) 
ax w = ’ Ax ’ 
u;;:1- 24;;’ 
= ‘Ay’ ’ 
uz7;1 - U:,fJl 
AY ’ 
Equation (8) is fully implicit and may be rewritten in the general form (Fig. 5) 
AEuE + A,u, + ANuN + A,u, -A+, - C,P, + C&‘, = Su, 
where 
00) 
A,= 
1 1 u;+l + u;+* 
A,= 
1 1 
+ 2 Ax 
I&+* + .;+I -- 
Re Ax* 2 Ax 2 ’ Re Ax* 2 ’ 
1 1 A,= -- 
Ui”-+,lj+* + U[f:l 1 1 u;_i: j + uy;’ 
Re Ay* 2 AY 2 ’ 
A,= 
Re Ay* + 2 Ay 2 ’ 
3 1 
AP=2L\t+2Ax 
‘(u;+‘-u&+t)+&(u;+k~+t)+&(&+-&), 
1 
Cp=C,=~, su = 
2.q’ - 4u;: 
2At . 
u=o 
Fig. 5. (a) Neighbor points of u,; (b) Neighbor of south wall point. 
01) 
1 .i 
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For south wall points, we use modifications to (8) and (9): 
n+l u, =o, u;+l= 0, 
287 
3u”‘r - Lur+’ 
I%J 3 I,/+1 
AY ’ 
(12) 
which come from a polynomial interpolation of Ul,j, Ui,j+l and u,. Referring to the general form 
in (10) for south wall points, we have 
1 1 A,= -- 
u;+’ + ,;+I 
Re Ax2 2Ax 2 ) 
A,= ’ - 1 u;;+l+ u;+’ 
Re Ax2 + 2 Ax 2 ’ 
A,= 1 1 U:_+llj+l , +"r:Jl ’ -- = Re Ay2 2 AY 2 
’ A, 0, 
3 1 
A,=Tz+ 
1 
C,=C,==, su = 
u;-’ - 42.4; 
2At . 
A special scheme is needed for the cavity lip points (Fig. 6): 
u~+‘u,+‘-& 
n+l 
e 
where 
3u7 - fu;f:, n+l uyfl - u:,fJ1 
= AY ’ + = Ay . 
Fig. 6. Cavity lip point. Fig. 7. Distributive relaxation. 
(14 
(15) 
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Again referring to (lo), for cavity lip points we have 
1 
A 
1 “$w=A$i+ I_....- 
Re 6 Ay2 ’ 
A FW=A$d+L- 
Re Ay2 * (16) 
4. Distributive relaxation 
The discretization of time-dependent incompressible Navier- Stokes equations (l)-( 3) may be 
written in brief as 
Qqhu + 6,P = 0, 07) 
QThu + 6,,P = 0, 08) 
6J.4 + +I = 0, 0% 
where Q,,, = 8; + iiS, + u”& - Rep1 Ah, 8, is the backward Euler operator, 8, and 8, are central 
difference operators, and A, is a discrete Laplacian. We rewrite (17)-(19) in the matrix form 
[; QY; ;~[,I-[;]. (20) 
The difficulty with system (20) is that the third equation causes trouble for conventional iterative 
solvers, which usually fail to converge because of lack of matrix diagonal dominance. Chorin [2] 
suggested the addition of a term of the form aP/i3t in the third equation to improve the system, 
but the system then becomes inconsistent with the physics of the time-dependent problem. 
Patankar and Spalding [7] developed a SIMPLE algorithm, the idea of which is that, after 
relaxation associated with the first and second equation, u, u and P can be adjusted to satisfy 
the continuity equation by solving a pressure correction equation. Unfortunately, the SIMPLE 
method generally converges quite slowly. We instead use a multigrid method based on distribu- 
tive relaxation [l], which introduces a preconditioner to improve system (20). To explain the 
specific distributive relaxation we use, let wi, w, and w, be new variables defined by the relation 
[,]=-;il-;a K J[i]. (21) 
Then, applying the relation to (20) yields 
Thus, (20) is related to the linear system 
(22) 
(23) 
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The point here is that (23) is easily solved by conventional iterative methods. Unfortunately, this 
transformation is only heuristic since (23) follows from (22) only in very special cases. Neverthe- 
less, it can be used to guide the choice of relaxation since (23) is approximately valid in the 
interior of the region. The idea is to use (23) by applying point Gauss-Seidel to it, then use the 
transformation in (21) to translate this process back to the original variables. (This is similar to 
the standard distributive relaxation approach of [l].) 
The resulting scheme is described as follows. Consider the original system 
AEz.4, + A,u, + ANUN + A,u, - APUP + 
PW -p, 
hx = 23.4, (24 
B,v, + B,v, + B,v, + B,v, - B,v, + 
ps - PP 
AY 
=Sv, (25) 
UE - up 
+ 
UN - up 
Ax AY 
=Sm. 
Then distributive relaxation proceeds according to the following steps. 
(1) Freezing P, perform point Gauss-Seidel relaxation on (24) to obtain a new u. 
(2) Freezing P, perform point Gauss-Seidel relaxation on (25) to obtain a new v. 
(3) For each grid cell (Fig. 7), modify the velocities up, un, up and vN to satisfy the 
continuity equation, then modify the pressures P,, P,, Ps, P, and P, so that the new velocities 
satisfy theirirespective momentum systems. The velocity updates are made by determining S and 
/3 such that 
(r%+P@ - (UP 
Ax 
-Pa> + LJ+@-(up-8) 
AY 
=Sm, (27) 
i.e., 
+ &) 
and 
AY 
P= ax. 
With 6 and /3 determined, we then let 
UE + u,+ps, up +- up-P& 
UN + UN+& up +- up-& 
The pressure P is updated according to 
PP + P,-tSP, 
(and similarly for the neighboring pressures) by 
1 
Re Ax2 
1 
Re Ay2 
P-3) 
(2% 
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Here the velocities are the old values and S is the correction in (27). Now choosing 
leads to an easy determination of 6P, and 6Ps from (28) and (29): 
6P, = SP, - APB AxS - Re ixz - & fi Ax6, 
I 
6Ps=6P,-B, AyS- 
1 -- 
Re Ay2 
(30) 
(31) 
(32) 
Similarly, we can find SP, and 6P,. 
Note for our problem that 6P, is much larger than 6P,, 6P,, 6P, and SP,, mostly because 
At is very small. Therefore, in our multigrid algorithms, we actually choose 
6P,=6P,=SP,=6Ps=0, 
instead of the more complicated expressions like those in (31) and (32). 
5. Multigrid algorithm 
The multilevel algorithm for solving the spatial equations uses the same intergrid transfers 
described in [5] at all points of the staggered grid (Fig. 8), except at cavity lip points (Fig. 9). For 
these points, we use 
: [o t], 
(33) 
Fig. 8. A two-level staggered grid for grooved channel 
flow. 
(34 
Fig. 9. Interpolation operator at lip points. 
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6. Multilevel adaptive technique (MLAT) 
We use a finer uniform grid to cover the cavity and its neighboring area (Fig. 10). MLAT (cf. 
[l]) is a natural extension of multigrid designed for this purpose. It is described loosely as follows 
(where we assume that the global coarse grid has already been processed in the usual multigrid 
fashion). 
(i) Relax on the local fine grid equation L,u, = f,,, where uh is forced to satisfy the Dirichlet 
boundary conditions defined by the interpolation of the global coarse grid at the interface. (Use 
the coarse grid interpolant in the interior of the refined region as an initial guess.) 
(ii) Approximate the global grid equation 
L2h”2h 
L2,1ihuh + ft”( fh - Lhuh), in refined area, 
elsewhere, 
(35) 
by the usual multigrid process. 
(iii) Interpolate the correction to the local grid: 
This provides a corrected value of the local grid equations for which 
acts on the Dirichlet boundary conditions. 
7. Fast adaptive composite grid (FAC) method 
MLAT is a very simple and efficient multilevel method for obtaining local refinement, but it 
does not take any special care of the interface points. In contrast, FAC focuses on the so-called 
composite grid, which contains the interface. It constructs an accurate discretization for this grid 
and uses it to guide the solution process. An important discretization scheme for this purpose is 
the finite-volume element method FVE [4]. Here we use a less systematic but somewhat simpler 
scheme which seems to provide the necessary accuracy. Consider an interface point shown in Fig. 
Fig. 10. Multilevel adaptive grid. Fig. 11. Interface points. 
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11 as an example. If up were the x-velocity at a global grid point, away from the refinement 
region, we would use the formula 
A,u, + A,u, + ANuN + A,u, - Apup + C,P, - C,P, = Su, (36) 
where the coefficients are defined in (11). However, since up is the value at an interface point, we 
instead use 
A,+ + A,u, + A,u, + A&( u1 + ~2) 
We represent (37) by 
Lj,l)Uh = fh. 
Apup + C,P, - C,P, = Su. (37) 
(38) 
Steps (i) and (iii) of FAC are the same as those for MLAT; the only difference is the second step, 
which for FAC is: 
(ii) relax the global grid equation 
L$$j, =f;h = 
i 
L,,1,2hU, + ch(fh - L,“,), in refined area, 
L2,,IfhUh + I;;?“( fh - Lr’u,), at interface, 
f 2h, in nonrefined area. 
0 
0 2 4 6 
mesh: 98 x 98, Re=225 
stream function contours of cavity flow 
n 
2 4 
mesh: 98 x 98, Re=225 
oressure contours of cavitv flow 
_I 
0 2 4 6 
mesh: 98 x 98 
stream function contours of cavity flow, Re=SOO 
,.I. 
2 4 
mesh: 98 x 98. Re=SOO 
treasure contours of ccvitv flow 
Fig. 12. Computational results with uniform grid. 
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MLAT FAC 
0. /. I 0 
0 2 4 6 0 2 4 6 
mesh: 50 x 50 with o patch at the bottom mesh: 50 x 50 with o patch ot the bottom 
stream function contours 01 cavity flow, Re=225 stream function contours of cavity flow. Re=225 
2 4 2 4 
mesh: 50 x 50 with o patch at the bottom mesh: 50 x 50 with o patch at the bottom 
pressure contours of cavitv flow. Re=225 Dreswre contours of covitv flow. Re=225 
Fig. 13. Computational results with a patch about the cavity. 
8. Computational results 
The backward Euler time-stepping process uses one V(2, 2) cycle per time step, starting with 
the approximations determined at the previous time. For our experiments we chose L = 6.6666, 
I= 2.2222 and a = 1.1111 (Fig. 2). Two different Reynolds numbers, Re = 225 and Re = 800, 
were used. In both cases we obtained converged steady flow on 50 x 50 and 98 x 98 staggered 
grids. These tests used uniform flow as the initial condition; steady state was reached using 500 
time steps of size At = 0.003. The stream-lines are depicted in Figs. 12 and 13, which show good 
agreement with those reported in [3]. The multilevel adaptive methods show good accuracy by 
comparison to the results obtained for the global uniform fine grid case (Table 1). Note that 
Table 1 
Comparison of accuracy for FAS, MLAT and FAC 
Method 
Global mesh 
Refinement 
ErrorZ-norm 
FAS MLAT FAC 
50x50 26x26 26x26 
None 16x24 16x24 
II ii - ii II z II 6 - 0 II 2 II u - E II 2 II v - fi II 2 II u - u II 2 II u - 6 II 2 
0 0 1.96.10-3 5.73.10-4 1.92.10-3 5.52.10-4 
* ii and U are the solutions on global fine grid, u and v are the results obtained on local grid. 
294 C. Liu et al. / Multilevel adaptive method for grooved channel 
Table 2 
Convergence rate per V(2, 2) cycle 
Method FAS MLAT FAC 
Global mesh 50 x 50 26 x 26 26 x 26 
Refinement NOW? 16 x 24 16 x 24 
Residual u ” Mass u ” Mass II ” MUS 
~ - - 
0.11’ 10-3 
~ 
0.12’ 10-j 0.15.10-2 
~ 
0.94.10-4 
~ 
Cycle 1 0.84. 1O-4 
~ 
0.19’ 10-l 0.94 10-d 0.84. 1O-4 0.19 10-Z 
Cycle 2 0.27. lo-’ 0.18.10m5 0.27. 1O-4 O.29.1O-5 0.20.10-5 0.53 1o-4 0.29. 1O-5 0.20.10~5 0.53 1o-4 
Cycle 3 0.60. 1O-6 0.11~10-6 0.31’ 10-5 0.11.10~5 0.12 10-b 0.54.10-5 0.11’ 10-S 0.12.10-6 0.54.10-5 
Cycle 4 0.12 10-e 0.26. lo-’ 0.63. 1O-6 0.25. 1O-6 0.16. lo-’ 0.71’ 10-G 0.25. 10m6 0.16.lo-’ 0.71~10~6 
Factor 0.105 0.060 0.075 0.140 0.079 0.072 0.140 0.079 0.072 
FAC is slightly better than MLAT. At each step, FAS (for the global uniform grid), MLAT and 
FAC convergence is very fast, with about a 0.15 convergence factor per V(2, 2) cycle (Table 2). 
We should point out that the scheme we use here was designed only for moderate size time 
steps. For long time steps, the discrete system loses ellipticity and convergence slows. However, 
for such cases we could use more elaborate spatial discretizations (e.g., upstream differencing), 
which should regain the efficiency observed in our experiments. 
9. Conclusion 
l The scheme, which uses staggered grids, a finite-volume method, fully-implicit time-marching 
and a multigrid method, can be very accurate and efficient for flows around general geometries. 
l Multilevel adaptive methods can be very efficient for obtaining high accuracy through local 
refinement. 
l It is expected that our scheme can be used effectively to simulate the transition of flows 
through a grooved channel or other more general geometries, including multiple refinement 
regions and levels of refinement. 
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